Using of Salagean operator, we define a new subclass of uniformly convex functions with negative coefficients and with fixed second coefficient. The main objective of this paper is to obtain coefficient estimates, distortion bounds, closure theorems and extreme points for functions belonging of this new class. The results are generalized to families with fixed finitely many coefficients.
Introduction
Let S denote the class of functions of the form:
which are analytic and univalent in the open unit disc U = {z :\z\ <1}, let ST and CV the subclasses of S that are, respectively, starlike and convex. Goodman ([8] and [9] ) introduced and defined the following subclasses of
CV and ST.
A function f(z) is uniformly convex (uniformly starlike) in U if f(z) is in CV(ST) and has the property that for every circular arc 7 contained in U, with center ( also in U, the arc is convex (starlike) with respect to /(C). The class of uniformly convex functions is denoted by UCV and the class of uniformly star like functions by UST (for details see [8] ). It is well known from ([15] and [18] ) that Later on, Ronning [19] Also in [18] , Ronning generalized the classes UCV and Sp by introducing a parameter a in the following way.
A function f(z) of the form (1.1) is in Sp(a) if it satisfies the analytic characterization:
and f(z) £ UCV {a), the class of uniformly convex functions of order a, if and only if zf (z) G Sp(a). By ¡3 -UCV, (3 > 0, we denote the class of all /^-uniformly convex functions introduced by Kanas and Wisniowska [13] , it is known [13] that f(z) € (3 -UCV if and only if it satisfies the following condition:
, z E U;ß> 0.
We consider the class (3 -Sp, ¡3 > 0, of /3-starlike functions (see [14] ) which are associated with /3-uniformly convex functions by the relation:
Thus, the class (3 -Sp, is the subclass of S, consisting of functions that satisfy the analytic condition:
For a function f(z) € S, we define The differential operator D n was introduced by Salagean [21] . For (3 > 0,-1 < a < 1, n £ N0 = N U {0} and m G N, we let S(n,m,a, (3) denote the subclass of S consisting of functions f(z) of the form (1.1) and satisfying the analytic criterion:
We denote by T the subclass of S consisting of functions of the form:
Further, we define the class T5(n, m, a, f3) by
We note that the operator D n+m was studied by Sekine [22] , Aouf et al. ([4] and [5]), Hossen et al. [11] and Aouf [2] . Also we note that TS(n, l,a,P) = T(n, a, ¡3) (Rosy and Murugusundaramoorthy [20] ) and TS , (n,l,0,/9) = 5(n,l,0,^) (Kanas and Yaguchi [12] ). TS{n, m, a, ¡3) In this section we obtain necessary and sufficient conditions for functions f(z) in the classes TS (n,m,a, (3) .
The Class
and m e N.
Proof. It suffices to show that
This last expression is bounded above by (1 -a) if oo n, m, a, f3) \ak\ < 1 -a,
1-E k n \ak\ k=2 k=2
and hence the proof is complete.
THEOREM 2. A necessary and sufficient condition for f(z) of the form (1-11) to be in the class TS(n,m,a, ¡3) is that
Proof. In view of Theorem 1, we need only to prove the necessity. If f(z) G TS (n, m, a, (3) and z is real, then
1 -£ fc=2 Letting 2 -> 1 along the real axis, we obtain the desired inequality (2.2). TS(n, m, ot, (3) . Then
COROLLARY 1. Let the function f(z) defined by (1-11) be in the class
where 0 < c < 1. We note that: (i) TS c (n, 1, a, 0) = Tc(n, a) (0 < a < l,n 6 JV0,0 < c < 1) (Aouf and Darwish [3] ); (ii) For 0 < a < 1, n G Nq, m G N, 0 < c < 1, we have (2.7) TS c {n, m, a, 0) = |/(z) G TS (n,m,a) : Rej^^Mj > a, (2, n, m, a, (3) d (k,n,m,a,p) Proof. Putting
2) and simplifying we get the result.
COROLLARY 2. Lei I/ie function f(z) defined by (2.6) be in the class TS c (n,m,a,/3). Then
The result is sharp for the function f(z) given by (3.2). Aouf, Hossen and Srivastava [6] and Hossen[10] with the aid of Theorem 3, we can prove the following:
Extreme points
and where Afc > 0 and ^ Afc = 1 . k=2
The extreme points of the class TS c (n,m,a,(3) are the functions fk(z) (k > 2) given by Theorem 4-5. Growth and distortion theorems for the class TS c (n, m, a, ¡3) Lemmas 1, 2 and 3 below will be required in our investigation of the growth and distortion properties of the general class TS c (n, m, a, ¡3) .
LEMMA 1. Let the function fs(z) be defined by (5.1)
Then for 0 < r < 1 andO<c<l, 2, n, m, a, ¡3) S (3,n,m,a,(3) with equality for 9 = 0. For either 0 < c < CQ and 0 < r < ro or CQ < c < 1, 6(2,n,m,a,/3) 5(3,n,m,a, (3) with equality for 8 -n. Further, for 0 < c < Co and ro < r < 1,
with equality for Proof. We employ the same technique as it was used by Silverman and Silvia [23] . Since 
with equality for fz(z) at z = r, and
where max |/3(re i0 )| is given by Lemma 1.
The proof of Theorem 5 is obtained by comparing the bounds given by Lemma 1 and Lemma 2. TS(n, m, a, ¡3) . Then for \z\ = r < 1, we have
Let the function f(z) defined by (1-11) be in the class
The result is sharp for the function
Let the function f(z) defined by (1.11) be in the class TS(n, m, a, 0) = TS(n, m, a). Then for \z\ = r < 1, we have
The result is sharp. LEMMA 3. Let the function fo(z) be defined by (5.1). Then, for 0 < r < 1 and 0 < c < 1, S(2,n -l,m,a, (3)' 6(S,n -l,m,a, (3)' with equality for 0 = 0. For either 0 < c < c\ and r\ < r < I,
with equality for 9 = IT. Furthermore, for 0 < c < c\ and r\ < r < 1,
) 2 6(3,n,m,a, (3) 3C 2 (1-C)(1 (l-c) 2 (l-a) 2 (6(3,n -l,m, a,/?)) 2 ' 2 n 6 (2, n, m, a, (3) with equality for f '3(z) at z = r, and (5.28) where max e f3(re ie ) < max{max f3(re") ,/4(-r)} i6\
is given by Lemma 3.
Radii of starlikeness and convexity
THEOREM 7. Let the function f(z) defined by (2.6) be in the class TSc(n, m, a, (3) . Then f(z) is starlike of order p(0 < p < 1) in the disc \z\ < ri (n,m,a,/3,c,p), where ri(n,m,a, (3,c, p) is the largest value for which d (2,n,m,a, (3) o(k,n,m,a, (3) The result is sharp with the extremal function (2,n,m,a,p) d (k,n,m, a, p) Proof. It is sufficient to show that m Note that (6.3)
< 1 -p (0 < p < 1) for \z\ < ri (n,m,a, ß,c, p) .
for \z\ < r if and only if
Since f(z) is in the class TSc (n,m,a, ß) , from (2.1) we may take
where Xk > 0 (A; > 3) and
each fixed r, we choose the positive integer ko = ko(r) for which (h ~ p) 1 is maximal. Then it follows that Jso-i S(ko, n, m, a, /?)
Hence f(z) is starlike of order p in \z\ < r\ (n, m, a, (3, c, p) provided that 2,n,m,a, ß) S(ko,n,m,a, ß) We find the value ri = ri (n,m,a, (3,c, p) and the corresponding integer fc0(r0) so that
Then this value ro is the radius of starlikeness of order p for functions f(z) belonging to the class TS c {n, m, a, ¡3).
In a similar manner, we can prove the following theorem concerning the radius of convexity of order p for functions in the class TS c (n, m, a, (3) . The details of the proof of Theorem 9 are omitted.
REMARK 2. The characterization of the extreme points for the general class TS Ck N (n, m, a, ¡3) enables us to solve the standard extremal problems in the same manner as was done for the special case TS c (n,m,a, (3). The details involved may be left as an exercise for the interested reader.
